Abstract. We prove a lower bound for the first Steklov eigenvalue of embedded minimal hypersurfaces with free boundary in a compact n-dimensional manifold which has nonnegative Ricci curvature and strictly convex boundary. When n " 3, this implies apriori area and curvature estimates for these minimal surfaces in terms of the geometry of the ambient manifold and the topology of the minimal surface. An important consequence of the estimate is a smooth compactness result for embedded minimal surfaces with free boundary when the topological type of these minimal surfaces is fixed.
Introduction
In recent papers [8] , [9] Fraser and Schoen studied an extremal problem for the first Steklov eigenvalue on compact surfaces with boundary and proved that minimal surfaces in Euclidean balls with free boundary on the boundary of the ball realize the extrema. The equatorial disk [32] and the critical catenoid [8] uniquely maximize σ 1 pΣqLpBΣq among metrics on the disk and annulus respectively. Recently, in [9] they were able to prove existence of extremal metrics for genus zero surfaces with any number of boundary components, and the extrema are achieved by properly embedded minimal surfaces in R 3 with free boundary. This motivates the question of finding more examples of properly embedded minimal surfaces in the unit ball. In the case without boundary, Lawson [18] proved that a closed orientable surface of any genus can be realized as an embedded minimal surface in S 3 (while any non-orientable closed surface except RP 2 can be realized as a minimal immersion into S 3 ). A central question along this direction is the following:
Question 1: Which compact orientable surface with boundary can be realized as a properly embedded minimal surface in the unit ball B 3 with free boundary?
Since B 3 is simply connected, any properly embedded surface in B 3 must be orientable. By the results of Fraser and Schoen [8] , we know any genus zero surface can be minimally embedded into B 3 as a free boundary solution. Therefore, it remains to look for surfaces of higher genus. Another related question one could ask is the following:
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Question 2: Given a compact orientable surface with boundary, in how many ways can it be realized as a properly embedded minimal surface in the unit ball B 3 with free boundary?
Note that any such minimal surface comes in a continuous family because of the isometry group of the unit ball (which is a compact group). Therefore, we should look at minimal embeddings up to congruences. Using the holomorphicity of Hopf differential, Nitsche [24] proved that the equatorial totally geodesic disk is the only immersed minimal disk in B 3 with free boundary (up to congruences). For annulus, we have the following conjecture: Conjecture 1.1. The critical catenoid is the unique properly embedded minimal annulus in B 3 with free boundary up to congruences.
One should compare this conjecture with the longstanding conjecture by Lawson [19] which asserts that the Clifford torus is the unique embedded minimal torus in S 3 up to congruences. Various partial results were obtained in this direction with additional assumptions ( [31] [28] [23] ). Very recently, Lawson's conjecture was proved in full generality by Brendle [4] .
In this paper, we prove that the space of properly embedded minimal surfaces in B 3 with free boundary is compact in the C 8 topology, if we fixed the topological type of the surface. In fact, we proved that the compactness result holds in any compact 3-manifold M 3 with nonnegative Ricci curvature and strictly convex boundary BM . This result is similar to the classical compactness of minimal surfaces in closed manifolds with positive Ricci curvature by Choi and Schoen [6] . Note that proper embeddedness is an essential assumption in the theorem. Theorem 1.2. Let M 3 be a 3-dimensional compact Riemannian manifold with nonempty boundary BM . Suppose M has nonnegative Ricci curvature and the boundary BM is strictly convex with respect to the inward unit normal. Then the space of compact properly embedded minimal surfaces of fixed topological type in M with free boundary on BM is compact in the C k topology for any k ě 2.
The key ingredient in the proof is a lower bound on the first Steklov eigenvalue for properly embedded minimal surfaces with free boundary in terms of the boundary convexity of BM . Combining with an equality from [8] , this gives an apriori upper bound on the length of the free boundary in terms of the topology of the minimal surface and the boundary convexity of BM . By the isoperimetric inequality, we get an upper bound on the area of the minimal surface as well. These together give an apriori L 2 bound on the norm of the second fundamental form of the minimal surface. By a removable singularity and curvature estimate similar to the ones in [6] , we obtain the smooth compactness theorem above.
The outline of this paper is as follows. In section 2, we prove some general facts about minimal hypersurfaces with free boundary in a Riemannian n-manifold with nonnegative Ricci curvature and convex boundary. The key results are the isoperimetric inequality (Lemma 2.2) and the connectedness principle (Lemma 2.5). When n " 3, we prove that any such manifold M 3 is diffeomorphic to the unit ball B 3 (Theorem 2.11). In section 3, we prove a lower bound for the first Steklov eigenvalue of a properly embedded minimal hypersurface in terms of the boundary convexity of the ambient manifold. Then, we specialize to dimension three and prove a removable singularity theorem and curvature estimates at the free boundary in sections 4 and 5. In section 6, we give a proof of our main compactness theorem (Theorem 1.2).
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Minimal Hypersurfaces with Free Boundary
Let M n be an n-dimensional compact Riemannian manifold with nonempty boundary BM . Let x , y be the metric on M and D be the Riemannian connection on M . The second fundamental form h BM of BM , with respect to the inner unit normal n, is given by h BM pu, vq " xD u v, ny, where u, v are tangent to BM . The mean curvature H BM of BM is then defined as the trace of h BM , i.e. H BM " ř n´1 i"1 h BM pe i , e i q where e 1 , . . . , e n´1 is any orthonormal basis for T BM . Let ϕ : Σ Ñ M be a compact hypersurface (possibly with boundary) properly immersed in M , that is, ϕpBΣq " ϕpΣq X BM . We say that Σ is a minimal hypersurface with free boundary if Σ is a minimal hypersurface (i.e. the mean curvature vanishes) and Σ meets BM orthogonally along BΣ. If ϕ is an embedding, we treat Σ Ă M as a submanifold of M and take ϕ to be the inclusion map BM Ñ M . Suppose Σ is two-sided; that is, there exists a globally defined unit normal vector field N on Σ. Any normal vector field on Σ has the form X " f N and the second variation of the volume functional with respect to X " f N is
where ∇ Σ is the Riemannian connection on Σ, Ric M is the Ricci curvature of M and h Σ is the second fundamental form of Σ with respect to the unit normal N . Note that N is tangent to BM along BΣ since Σ meets BM orthogonally along BΣ. We say that Σ is stable if δ 2 Σpf q ě 0 for any smooth function f on Σ. Otherwise, Σ is unstable. The following lemma is an immediate consequence of formula (2.1).
Lemma 2.1. Let M n be an n-dimensional compact Riemannian manifold with nonempty boundary BM . Suppose M has nonnegative Ricci curvature and the boundary BM is strictly convex with respect to the inward unit normal, i.e. there exists a constant k ą 0 such that h BM pu, uq ě k ą 0 for any unit vector tangent to BM .
Then, any two-sided, properly immersed, smooth minimal surface Σ with nonempty free boundary BΣ must be unstable. When n ď 8, this implies that the pn´1q-th relative integral homology group vanishes: H n´1 pM, BM q " 0.
Proof. Taking f " 1 in (2.1), the curvature assumptions imply that δ 2 Σp1q ď kVolpBΣq ă 0 (since BΣ ‰ H). Therefore, Σ is unstable. To prove the second assertion, suppose H n´1 pM, BM q ‰ 0. Let α ‰ 0 be a nontrivial class in H n´1 pM, BM q. One can choose an embedded minimal hypersurface Σ with free boundary (which may be empty) such that rΣs " α in H n´1 pM, BM q and Σ minimizes volume among all hypersurfaces homologous to Σ relative to BM . Since n ď 8, the curvature estimates for stable minimal hypersurfaces ( [29] [30] [11] ) Σ is smooth up to the boundary (which may be empty). If BΣ ‰ H, then we have a contradiction with the above statement since Σ is stable and two-sided. If BΣ " H, then it follows from Lemma 2.2 below that this is impossible.
The next lemma is an isoperimetric inequality for minimal hypersurfaces in M , which holds under slightly weaker curvature assumptions than those in Lemma 2.1.
n be an n-dimensional compact Riemannian manifold with nonempty boundary BM . Suppose M has nonnegative Ricci curvature and the boundary BM is strictly mean convex with respect to the inward unit normal.
Suppose n ď 8. Then, M contains no smooth, closed, embedded minimal hypersurface. Furthermore, there exists a constant c ą 0 such that
Vol pΣq ď cVol pBΣq for any smooth minimal immersed hypersurface Σ in M .
Proof. It suffices to show that M contains no smooth, closed, embedded minimal hypersurface, the isoperimetric inequality (2.2) follows from Theorem 2.1 of [33] .
Suppose not, and let Σ be a smooth, closed embedded minimal hypersurface in M . Since BM is strictly convex, we have Σ X BM " H. Therefore, Σ and BM have a positive distance apart, i.e. dpΣ, BM q " ℓ ą 0. Since both BM and Σ are compact, there exists a minimizing geodesic γ : r0, ℓs Ñ M (parametrized by arc length) which realizes the distance between Σ and BM . Since γ is minimizing, γ lies in the interior of M except at γpℓq P BM . Moreover, γ is orthogonal to Σ and BM at the end points. Pick any orthonormal basis e 1 , . . . , e n´1 for T γp0q Σ and let V 1 , . . . , V n´1 be their parallel extensions to normal vector fields along γ. If we look at the second variation of γ with respect to the normal variation fields V i , i " 1, . . . , n´1 and sum over i, we get
since Ric M ě 0, Σ is minimal and BM is strictly mean convex. Therefore, δ 2 γpV i , V i q ă 0 for some i and hence γ cannot be stable. This contradicts that γ is a minimizing geodesic from Σ to BM . This proves the lemma. Remark 2.3. We will later apply (2.2) to properly embedded minimal surfaces with free boundary. However, the isoperimetric inequality (2.2) applies in general to any minimal hypersurface Σ without any assumptions on the boundary BΣ.
The next lemma shows that under the curvature assumptions in lemma 2.1, any two properly embedded minimal hypersurfaces must intersect each other.
Lemma 2.4. Let M n be an n-dimensional compact Riemannian manifold with nonempty boundary BM . Suppose M has nonnegative Ricci curvature and the boundary BM is strictly convex with respect to the inward unit normal. Then, any two properly embedded minimal hypersurfaces Σ 1 and Σ 2 in M with free boundaries on BM must intersect, i.e. Σ 1 X Σ 2 ‰ H. is constant on Ω. If d 1`d2 attains an interior minimum in Ω, the generalized Hopf maximum principle in [5] implies that d 1`d2 is constant. Therefore, we can assume that d 1`d2 attains no interior minimum in Ω. Since d 1`d2 is continuous, the global minimum must be achieved by some point p P BΩ "
Since BM is strictly convex, the outward normal derivative of d 1`d2 is strictly positive on Γ Ă BM . Therefore, the minima p lies on Σ 1 or Σ 2 . Assume, without loss of generality, that p P Σ 1 . Observe that
Since BM is convex, there exists a minimizing geodesic γ Ă Ω which connects p to Σ 2 , such a geodesic γ is disjoint from BM and meets Σ 1 and Σ 2 orthogonally at the end points. On the other hand, as
actually realizes the distance between Σ 1 and Σ 2 in Ω. This implies that d 1`d2 is constant on γ, but then d 1`d2 has an interior minimum, which implies that d 1`d2 is constant in Ω. However, since the outward normal derivative of d 1`d2 is strictly positive on Γ Ă BM and Γ is nonempty, this is a contradiction. Therefore, Σ 1 and Σ 2 cannot be disjoint.
Corollary 2.5. Under the curvature assumptions on M and BM in Lemma 2.4, any properly embedded minimal hypersurface in M with free boundary is connected.
One can prove Lemma 2.4 using a form of Reilly's formula [27] . In this paper, we will look at compact manifolds with piecewise smooth boundary. We first observe that Reilly's formula holds for such manifolds provided that the function is smooth enough away from the singular set S of the boundary. Note that there is a sign difference in the formula from that in [7] as we are using the inward unit normal instead of the outward unit normal. Lemma 2.6. Let Ω be a compact n-manifold with piecewise smooth boundary BΩ " Y k i"1 Σ i . Suppose f be a continuous function on Ω where f P C 8 pΩzSq, S " Y k i"1 BΣ i , and there exists some C ą 0 such that }f } C 3 pΩ 1 q ď C for all Ω 1 ĂĂ ΩzS. Then, Reilly's formula holds:
Here, Ric Ω is the Ricci tensor of Ω; ∆ Ω , D 2 and D are the Laplacian, Hessian and gradient operators on Ω respectively; ∆ Σi and ∇ Σi are the Laplacian and gradient operators on each Σ i ; n i is the inward unit normal of Σ i ; H Σi and h Σi are the mean curvature and second fundamental form of Σ i in Ω with respect to the inward unit normal respectively.
Proof. Since the singularity set S " Y k i"1 BΣ i has codimension two in Ω, the smoothness assumption of f implies that Stokes Theorem with singularites (Theorem 3.3 of [17] ) is applicable. Hence, the same proof as in Theorem 1 of [7] gives the desired result.
Using Lemma 2.6, we give an alternative proof of Lemma 2.4.
Alternative Proof of Lemma 2.4. Suppose Σ 1 and Σ 2 are disjoint. Let Ω be the domain bounded by Σ 1 and Σ 2 modulo BM as before. Note that Ω is a compact n-manifold with piecewise smooth boundary BΩ " Σ 1 Y Σ 2 Y Γ, where Γ Ă BM . Consider the following mixed boundary value problem on Ω:
where n is the outward unit normal on BM . Since Σ 1 and Σ 2 meet BM orthogonally along their boundaries, there exists a function ϕ P C 8 pΩq such that
Bn " 0 on Γ. Lettingf " f´ϕ, the mixed boundary value problem (2.4) is equivalent to the following mixed boundary value problem with zero boundary data:
Since ∆ Ω ϕ P C 8 pΩq, classical results for elliptic equations with homogeneous boundary data ( [1] and [21] ) imply that a solution to (2.5) exists in the classical sense and the solutionf P C 0,α pΩq X C 8 pΩzSq, where S " BΣ 1 Y BΣ 2 , and therefore f "f`ϕ P C 0,α pΩq X C 8 pΩzSq is a solution to (2.4). Applying f and Ω to Reilly's formula in Lemma 2.6, as ∆ Ω f " 0, we obtain
The boundary terms for Σ 1 and Σ 2 vanish since Σ 1 and Σ 2 are minimal and f is constant on Σ 1 and Σ 2 . Since Ric M ě 0 and h BM ě k ą 0, (2.6) implies that ∇ BM f " 0 and hence f is constant on Γ, which is impossible since BΓ " BΣ 1 Y BΣ 1 and f " 0 on Σ 1 but f " 1 on Σ 2 . Thus, we have a contradiction.
Remark 2.7.
(a) Note that the free boundary condition comes in in a rather subtle way which gives enough regularity to the mixed boundary value problem (2.4) to apply Reilly's formula in Lemma 2.6. If the free boundary condition is dropped, the theorem is no longer true. For example, there are disjoint flat disks in the unit ball in R 3 . (b) The theorem does not hold if we only assume that Ric M ě 0 and BM is only weakly convex. For example, let B n´1 be the pn´1q-dimensional unit ball in R n and M be the product cylinder B n´1ˆr 0, 1s capped off by two unit half n-balls at the two ends, then all the slices B n´1ˆt tu, t P r0, 1s, are mutually disjoint embedded minimal hypersurfaces with free boundary on BM . However, there are some rigidity results in this case ( [25] ).
We end this section with a result about the connectedness of BM for M with nonnegative curvature and strictly mean convex boundary. Proof. The proof is similar to the one in Lemma 2.2. If BM is not connected, there exists a minimizing geodesic from one component of BM to another component which realizes the distance between them. However, the second variation formula and the curvature assumptions on M and BM imply that γ is unstable, which is a contradiction. Therefore, BM is connected. (One can also give a different proof using Reilly's formula (2.3). Suppose BM is not connected. Let Σ be one of its components. Take f P C 8 pM q to be a harmonic function which is equal to one on Σ and is equal to zero on BM zΣ, which is nonempty. Then, Reilly's formula implies that f is constant, which is a contradiction.) The same argument applies to the universal coverM of M . Thus BM is connected and this implies the surjectivity of the homomorphism π 1 pBM q Ñ π 1 pM q as in [19] . Remark 2.9. As noted in [19], Proposition 2.8 remains true if BM is assumed to be only piecewise smooth and if the interior angle between two smooth boundary pieces is always less than π.
Corollary 2.10. Let M n be an n-dimensional compact Riemannian manifold with nonempty boundary BM . Suppose M has nonnegative Ricci curvature and the boundary BM is strictly mean convex with respect to the inward unit normal. Let Σ be a properly embedded minimal hypersurface in M with free boundary on BM . If both Σ and M are orientable, then M zΣ consists of two components Ω 1 and Ω 2 , and the homomorphisms pi k q˚: π 1 pΣq Ñ π 1 pΩ k q induced by inclusions are surjective for k " 1, 2.
When n " 3, we get much stronger topological restrictions on M 3 from the curvature and boundary convexity assumptions. Theorem 2.11. Let M 3 be a compact Riemannian 3-manifold with nonempty boundary BM . Assume M has nonnegative Ricci curvature.
(a) If M is orientable and BM is strictly mean convex with respect to the inner unit normal, then M 3 is diffeomorphic to a 3-dimensional handlebody. (b) If BM is strictly convex with respect to the inner unit normal, then M 3 is diffeormorphic to the 3-ball B 3 .
Remark 2.12. Note that we do not need to assume M is orientable in case (b), it follows as a consequence. For higher dimensions n ě 4, we conjecture that in case (b), M n has finite fundamental group (see Conjecture 1.3 in [20] ).
Proof. First, we assume that M is orientable. If BM is strictly mean convex and nonempty, then it is connected by Proposition 2.8. Using Theorem 5 in [22] , we know that M is a handlebody. If BM is strictly convex, then we also have H 2 pM, BM q " 0 from Lemma 2.1, which implies that M is the 3-ball B 3 . Suppose M is non-orientable and BM is strictly convex. Then the orientable double coverM is the 3-ball B 3 . Therefore, BM " S 2 is a double cover of BM , thus BM is homeomorphic to RP 2 . However, since BM is the boundary of a compact manifold, by a theorem of Pontrjagin [26] , all the Stiefel-Whitney numbers of BM vanish. However w 1 pRP 2 q " w 2 pRP 2 q " 1. This is a contradiction. So M must be orientable.
Steklov Eigenvalue Estimate
In this section, we prove a lower bound for the first Steklov eigenvalue of a compact properly embedded minimal hypersurface satisfying the free boundary condition in a compact orientable manifold M with boundary, where M has nonnegative Ricci curvature and BM is strictly convex. We refer the reader to section 2 of [8] for a brief description of the Dirichlet-to-Neumann map and Steklov eigenvalues.
Theorem 3.1. Let M n be an n-dimensional compact orientable Riemannian manifold with nonempty boundary BM . Suppose M has nonnegative Ricci curvature and the boundary BM is strictly convex with respect to the inward unit normal. Let k ą 0 be a constant that h BM pu, uq ě k ą 0 for any unit vector u on BM . Suppose Σ is a properly embedded minimal hypersurface in M with free boundary on BM . If any one of the following holds, (i) Σ is orientable; or (ii) π 1 pM q is finite; then we have the following eigenvalue estimate
where σ 1 pΣq is the first Steklov eigenvalue of the Dirichlet-to-Neumann map on Σ.
Proof. We first assume that Σ is orientable. By Corollary 2.5 and Corollary 2.10, Σ is connected and Σ divides M into two connected components Ω 1 and Ω 2 . Take Ω " Ω 1 . Let BΩ " Σ Y Γ where Γ Ă BM . Thus, BΣ " BΓ. Note that Γ is not necessarily connected, but each component of Γ must intersect Σ along some component of BΣ. Otherwise, BM would have more than one component, which would contradict Proposition 2.8. Let z P C 8 pBΣq be a first eigenfunction of the Dirichlet-to-Neumann map on Σ, i.e. there exists z 1 P C 8 pΣq such that (3.1)
BνΣ " σ 1 z along BΣ where ν Σ is the outward conormal vector of BΣ with respect to Σ, and σ 1 " σ 1 pΣq. Recall that BΓ " BΣ. Let z 2 P C 8 pΓq be the harmonic extension of z P C 8 pBΓq to Γ:
Next, we consider the Dirichlet boundary value problem on the compact n-manifold Ω with piecewise smooth boundary BΩ " Σ Y Γ: 
where n Σ and n Γ are the inward unit normals of Σ and Γ, respectively, with respect to Ω. Without loss of generality, we can assume that
where ν Σ and ν Γ are the outward conormal vectors of BΣ " BΓ with respect to Σ and Γ respectively. Since Σ meets Γ orthogonally along BΣ " BΓ, we have ν Σ "´n Γ and n Σ "´ν Γ along the common boundary BΣ. Since f P C 1,α pΩq, the gradient Df is continuous on Ω. Therefore,
Putting this back into (3.3) and using the boundary condition in (3.1), we get
Since ∆ Γ pf | Γ q " 0, another integration by parts on Γ implies that ş
As f is non-constant on Γ (since z is non-constant on BΓ), we get σ 1 ě k{2. This proves the theorem when Σ is orientable. Now, suppose Σ is not orientable but π 1 pM q is finite. LetM be the universal cover of M . ThenM satisfies the same curvature assumptions as M . Since π 1 pM q is finite,M is compact and π :M Ñ M is a finite covering. LetΣ be the lifting of Σ, i.e.Σ " π´1pΣq. SinceM is simply connected andΣ is properly embedded, bothM andΣ are orientable. By the result above, σ 1 pΣq ě k{2. But the pullback by π of the first Steklov eigenfunction of Σ intoΣ is again an eigenfunction ofΣ. Therefore, σ 1 pΣq ě σ 1 pΣq ě k{2. The proof of Theorem 3.1 is completed.
Since B
n is simply connected, we have the following corollary.
Corollary 3.2. Let Σ be a compact properly embedded minimal hypersurface in B n , the Euclidean unit ball, with free boundary on BB n . Then σ 1 pΣq ě 1{2.
It is known [8] that for a minimal submanifold properly immersed in the unit ball in R n with free boundary on the unit sphere, the coordinate functions are Steklov eigenfunctions with eigenvalue 1. It is natural to ask if this is the first Steklov eigenvalue when the minimal submanifold is properly embedded and has codimension one.
Conjecture 3.3. Let Σ be a compact properly embedded minimal hypersurface in B n , the Euclidean unit ball, with free boundary on BB n . Then σ 1 pΣq " 1.
From now on, we will assume that n " 3. In [8] , Fraser and Schoen proved that if Σ is a compact orientable surface of genus g with γ boundary components with total length LpBΣq, then σ 1 pΣqLpBΣq ď 2πpg`γq. Combining this with Theorem 3.1, we get the following estimate on the boundary length of a minimal surface with free boundary in terms of its topology.
Proposition 3.4. Let M and Σ be the same as in Theorem 3.1. Assume that dim Σ " 2. Then,
Remark 3.5. By Theorem 2.11, we know that M 3 is diffeomorphic to the unit ball B 3 , which is simply connected and hence any properly embedded surfaces in M is automatically orientable.
Corollary 3.6. Let Σ be a compact properly embedded minimal hypersurface in B 3 , the Euclidean unit ball, with free boundary on BB 3 . Then LpBΣq ď 4πpg`γq.
Removable Singularity Theorem
In this section, we prove a removable singularity result at the free boundary for properly embedded minimal surfaces with free boundary in a compact Riemannian 3-manifold with boundary. Proof. Assume first that Σ is orientable. Let Ω denote the Riemann surface (with boundary) determined by the induced metric on Σ, and let F : Ω Ñ M be a conformal harmonic embedding with Σ " F pΩq. Since the Euler characteristic of Σ is finite, Ω is conformally equivalent to a compact Riemann surface (with boundary) with a finite number of disks and points removed. Therefore, there exists (open or closed) arcs or points γ 1 , . . . , γ k such that Ω " Ω Y pY k i"1 γ i q is a compact Riemann surface Ω with boundary. Since Q lies in the closure of BΣ as a point set, this implies that we can extend F continuously to Ω. We claim that all γ i are points on the boundary. Note that for each γ i , F pγ i q " tQu. Suppose γ i is an arc. since F is continuous up to γ i and is harmonic with a constant value along γ i , by a result in [12] , F is C 1,α up to γ i . Since F is conformal, dF " 0 along γ i and therefore we can extend F past γ i which takes constant value Q and this extension is still C 1 . This results in a weakly harmonic map which is C 1 , and therefore a classical harmonic map ( [15] ). However, since F is constant on an open set, F must be identically constant on Ω, which is a contradiction. Therefore, each γ i is a point. Moreover, we see that γ i is not an interior point as F is a proper embedding and Q lies in the closure of BΣ. Therefore, F extends smoothly ( [16] ) across γ i to a harmonic map from Ω to M . If γ i were a boundary branch point of F , then by the asymptotic expansion near a branch point at the free boundary (Lemma 1 of [14] ), there would be a line of self-intersection emanating from Q, which contradicts that Σ is embedded. Therefore, F extends as a proper minimal immersion from Ω Y tγ 1 , . . . , γ k u. Since Σ is properly embedded, the maximum principle for minimal surfaces with free boundary implies that k " 1 (otherwise, there would be two minimal half-disks with free boundary which touch at one point at Q, which would violate the maximum principe). Hence, F : Ω Y tγ 1 u Ñ Σ Y tQu is a smooth properly embedded compact minimal surface in M with smooth free boundary on BM . Now suppose Σ is not orientable. LetΣ be the orientable double cover of Σ and let Ω be the Riemann surface determined byΣ. The same argument above gives a proper minimal immersion from Ω Y tγ 1 , . . . , γ k u. Choose a sufficiently small r such that F´1pB r pQq X Σq is a disjoint union of open sets D 1 , . . . , D k with γ i P D i . Since Σ is properly embedded, by the maximum principle, we have F pD i q " F pD j q for all i, j. Therefore, Σ Y tQu is a smooth properly embedded compact minimal surface in M with smooth free boundary on BM . This proves Theorem 4.1.
Curvature Estimates
In this section, we extend the well-known "small total curvature" estimate of Choi and Schoen [6] to the free boundary case.
Theorem 5.1. Let M 3 be a compact Riemannian 3-manifold with boundary. Then there exists r ą 0 small enough (depending only on M and BM ) such that the following holds: let Q P M , and suppose Σ is a compact properly immersed minimal surface in M with free boundary on BM such that Q P Σ. Then, there exists ǫ ą 0 depending only on the geometry of B r pQq in M such that if
where C is a constant depending only on the geometry of B r pQq in M .
Proof. Choose σ 0 P p0, rs such that
Let Q 0 P B r´σ0 pQq be chosen so that
Therefore, as B σ0{2 pQ 0 q Ă B r´σ0{2 pQq, by the choice of σ 0 and Q 0 , we have sup 
Suppose that r 0 ě 1, then ρ 0 " p}h Σ }pQ 0 qq´1 ď σ 0 {2. Therefore,
By the monotonicity formula for minimal surfaces with free boundary, when r is sufficiently small, there is a constant c ą 0, depending on the geometry of B r pQq, such that the area with respect tods
Together with (5.2), this implies that
for any α P p0, 1q. On the other hand, using (5.1), for each P P Σ XB ǫ 1{3 pQ 0 q, the connected component of Σ XB ǫ 1{3 pQ 0 q containing P is a graph over some open set of T P Σ of a function u P with uniformly bounded gradient and Hessian. Note that Σ is minimal, hence u satisfies a uniformly elliptic equation. If P R BM , we can apply the interior Schauder estimate (Corollary 6.3 of [10] ) to get a uniform C 2,α estimate for u P . If P P BM , using the free boundary condition, u satisfies a homogeneous boundary condition in the Fermi coordinates, hence the Schauder estimate for uniformly elliptic equations with homogeneous boundary conditions [1] again implies a uniform C 2,α estimate for u P . Therefore, in any case, we have
for some constant C ą 0 depending only on the geometry of B r pQq. This contradicts (5.3) above when ǫ ą 0 is sufficiently small (depending on the geometry of B r pQq). As a result, when ǫ ą 0 is chosen small enough, then r 0 ď 1. So we are done.
The Smooth Compactness Theorem
We prove our main compactness result in this section.
Theorem 6.1. Let M 3 be a 3-dimensional compact Riemannian manifold with nonempty boundary BM . Suppose M has nonnegative Ricci curvature and the boundary BM is strictly convex with respect to the inward unit normal. Then the space of compact properly embedded minimal surfaces of fixed topological type in M with free boundary on BM is compact in the C k topology for any k ě 2.
Proof. Note that by Theorem 2.11, M 3 is diffeomorphic to the unit ball B 3 , hence simply connected. Let Σ be a compact properly embedded minimal surface with free boundary on BM . Then Σ is orientable. Suppose Σ has genus g with γ boundary components. From the Gauss equation and the minimality of Σ, for any x P Σ, we have
where K M pxq and K Σ pxq are the sectional curvatures of the plane T x Σ with respect to M and Σ respectively. Integrating the equality above over Σ and applying the Gauss-Bonnet theorem,
where k g is the geodesic curvature of BΣ with respect to Σ and χpΣq is the Euler characteristic of Σ. Since Σ meets BM orthogonally along BΣ, k g is equal to h BM pu, uq where u is the unit tangent vector for BΣ. Therefore, there exists a constant C ą 0 depending only on the upper bound of the sectional curvature of M and the principal curvatures of BM so that
Using the isoperimetric inequality (2.2) and the apriori length bound in Proposition 3.4, we obtain
where C is a constant depending only on the geometry of the ambient manifold M . Let tΣ i u be a sequence of compact properly embedded minimal surfaces of fixed topological type. Using the same covering argument on P.390-391 of [6] , we can extract a subsequence of tΣ i u, which we still call tΣ i u, and a finite number of points tx 1 , . . . , x ℓ u such that Σ i converges in C 8 topology to some Σ 0 in M z Y ℓ j"1 B r px j q for any sufficiently small r ą 0. Here, Σ 0 is a properly embedded minimal surface (possibly with multiplicity) in M ztx 1 , . . . , x ℓ u with free boundary on BM ztx 1 , . . . , x ℓ u. Note that some x j may lie on BM . By the removable singularity theorem (Theorem 4.1), Σ " Σ 0 Y tx 1 , . . . , x ℓ u is a compact properly embedded minimal surface with free boundary. The only thing left to prove is to show that Σ has multiplicity 1 as the limit of Σ i .
Recall that Σ is orientable. As Σ i converges to Σ 0 in M z Y ℓ j"1 B ǫ 2 px j q for any sufficiently small ǫ, there exists a large enough i such that Σ i z Y ℓ j"1 B ǫ 2 px j q is locally a union of graphs over Σ 0 by the curvature estimate in Theorem 5.1. We claim that there is only one sheet. Suppose not, then since Σ is orientable,we can order the sheets Γ 1 , . . . , Γ k where k ě 2. We claim that in this case, we would have σ 1 pΣ i q Ñ 0 as ǫ Ñ 0, which would contradict the eigenvalue estimate in Theorem 3.1. on each pΓ 2 Y¨¨¨Y Γ k q X pB ǫ px j qzB ǫ 2 px j1 on pΓ 2 Y¨¨¨Y Γ k qz Y ℓ j"1 B ǫ px j q, where r j " d M px j ,¨q is the distance function in M from x j . After possibly subtracting a constant, we can assume that ş BΣi ϕ " 0. Using the coarea formula and the monotonicity formula for minimal surfaces with free boundary, the same calculation as on P.392 of [6] implies that ż
Σi

}∇
Σi ϕ} 2 Ñ 0 as ǫ Ñ 0.
On the other hand, ş BΣi ϕ 2 converges to the length of BΣ i , which is nonzero by Lemma 2.2, as ǫ Ñ 0. By the variational characterization of the first Steklov eigenvalue σ 1 pΣ i q " inf
we see that σ 1 pΣ i q Ñ 0 as ǫ Ñ 0. Using the Allard regularity theorem for minimal surfaces with free boundary [13] , we see that Σ i converges to Σ in the C 8 topology even across the points x 1 , . . . , x ℓ . This completes the proof of Theorem 6.1. is compact in the C 8 topology.
